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lüREWORD 

IhiB report was prepared by the Air lorce Aero Propulsion Laboratory of the Research 
and Technology Division of the Air Force Systems Command, Dr. Henry R. Velkoff served 
as project scientist. The work reported herein was accomplished under Project 3141, 
"lilectric Propulsion Technology." 

1 his work is a continuation of a sequence of programs aimed at exploring the batslc 
nature and practical applications of the interactions of electrostatic fields with fluids. 
The general area has been entitled, "Electrofluid-mechanlcs." Prior research in this 
area has included (a) a basic review of possible phenomena, reported In ASD-TR-61-642; 
(b) a study of electrostatic effects on free convection, reported in ASD-TDR-62-650; (c) 
a study of electrostatic effects on condensation of vapors, reported in RTD-TUR-63-4008; 
and (d) an exploratory study of the effects of ions on laminar flow, repo. *vd in ASD-TDR- 
63-842. This report seeks to explain a phenomenon observed in the latter work, ASD-TDR- 
63-842. This research was accomplished from May 1963 to September 1 '63. 

The author wishes to express his appreciation to those of the Aero Propulsion Labora- 
tory who aided in this program, particularly Mr. Michael Pennucc! for his steadfast 
assistance in performing the many computations necessary in this analysis. 
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ABSTRACT 

An analysis was performed on the actions of ions in a lam'nar flow stream. The anal- 
ysis seeks to provide an explanation for the unusually high p-essure drops found during 
I preceding experimental program involving laminar flow of ionized gas with an applied 
L'lcctr-jstatic field. The analysis revealed that very high pressure drops could be ex- 
ivcted and that velocity profile distortions would occur. Good correlation with test data 
w.is achieved. A new nondimensional parameter, called the charge number, was Introduced. 
Charge number is related to the Knudsen number and is the controlling parameter for ion 
iction in the gas stream. The conclusion from this work is that ions bound electrically to 
i flow stream set uf an internal field on the stream, and then tend to resist the motion of 

tlie stream. This action causes profile distortions and Increases effective fluid friction. 

Ibis report has been reviewed and is approved. 

\~ —.      - _^ / 
ROBERT E. SUPP 
As«. Chief, Aerospace Power Division 
Air Force Aero Propulsion Laboratory 
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INTRODUCTION 

During an exploratory investigation into the effects of ionization on the flow of gases 
in a channel, unusually high pressure drops were observed when ionization was present 
in the channel. Complete details of that investigation may be found in Reference 1.   In 
rh;)t work, gases, such as air, were passed through a 1-1/4-inch-dlamctcr pipe in which 
a Ü,ü04-inch-diameter wire was located concentrically. A high voltage applied to the wire 
resulted in a corona discharge that provided ions in the gas stream. Under the action of the 
field, pressure drops in the pipe were doubled, velocity profiles were distorted, and heat 
transfer was doubled. Typical data shown in Figures 1, 2. and 3 Illustrate the type of 
changes observed with the ion-gas interaction. Figure 1 shows that data for a given value 
of current fall on lines that are parallel to, but displaced above, the theoretical 54 /NRe 

line. This indicates th it the flow tends to retain its laminar character even under the 
influence of the field. Figure 1 also Indicates that little influence is exerted in the turbu- 
lent flow regime. 

The velocity profile data of Figure 2 are given in terms of the total pressure as meas- 
ured with a glass total head probe. The velocity profiles without field apolled illustrate 
the distortions due to the presence of the wire alone. vVhen the ions traverse the stream, 
very large changes in the shape of the profiles are evident. Although the data presented 
are not precise in the vicinity of the wall, the general pattern indicates a flattening of the 
profile and a corresponding steepening of the gradient at the wall. This action is in the 
correct direction to cause increases in pressure drop, or t0 , as shown in Figure 1. 
Data on heat transfer shown in pigure 3 provides further evidence of the effect of ions 
on fluid behavior. 

Several possible mechanisms that could account for the phenomenon are discussed in 
Reference 1, It was concluded that none of those mechanisms accurately described the 
phenomenon, nor did rhey fit the data presented. This report puts forth a hypothesis 
which attempts to explain the nature of the phenomenon. A series of models based upon 
selected approximations is presented to describe the pressure drop increase and to 
indicate possible effects on the velocity profile. Comparisons are then drawn between 
tne models and the data. 

This report was released by the author on S September 1963 for publication as an RTD 
Technical Documentary Report. 
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HYPOTHESIS 

Two approaches will be taken in considering the actions of the ions on the stream. The 
first is based upon physical insight to the problem and the second is a more formal mathe- 
mathical approach. 

ION-FLOW INTERACTION 

In considering the physical aspects of the problem, it is helpful to utilize several highly 
idealized models as well as the concentric tube actually used in the tests. As shown in 
Figure 4. the gas flows down the channel in the i direction. The electrical field is applied 
between the wire and the lube wall. Ions created by the corona discharge drift from the 
wire to the wall under the action of the field, and at the same time tend to be dragged 
downstream with the flow. The order of magnitude of the velocity normal to the flow can 
be obtained from the mobility equation for ions in a gas (Ref. 2): 

KE, (1) 

where ¥j is the ion velocity normal to the stream, 

K is the mobility of the ion, and 

Er is the electrical field strength. 

For the case under consideration, typical values are: 

K I 
2.0 X   IP"4   m* 

volt - sec 

and 
E   =  5   X   10     voili/m. 

Thus, VJ is of the order of 100 m/sec. 

In the case of laminar flow with air at standard conditions, «•„, ■ 1 m/sec, where 
•„, is the mean stream velocity. If the 'on is dragged downstream with the flow, it will 
acquire approximately this value of axial drift velocity. The net effect of this condition 
is that the ion travels almost directly across the channel under the influence of the applied 
field. 

If the above description is assumed valid, then it does not appear possible for the ions 
to interact with the flow stream. Another interpretation, however, is also possible. If the 
ions were to drift at all, then this would imply that some of them would be carried out of 
the pipe at the end. Such an action would violate the condition of current continuity, that 
is, the ions leaving the wire must collect on the outer electrode in order to complete the 
electrical circuit. If this condition is met, then the Ions must try to stay within the confines 
of the pipe. To do so, some type of internal field must exist to cause the ions to move in 
opposition to the flow. As a first order approximation, it can be assumed that the ions 
resist being dragged by the axial velocity of the stream, and as a limiting case would tend 
to move directly across the stream without any net «■ velocity. For this limiting case, the 
ions, on the average, would tend to remain stationary relative to a given position along the 
pipe aa they move In the radial direction under the action of the applied field. The velocity 
of the ion is given by: 
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J J u      +uR 

where u' is the stream velocity in jit direcrlon, 

J is the ion velocity in the j,h direction, and 

ui is the ion velocity relative to the stream velocity. 

The mobility equation for an ion, in general form, is: 

u'     .    KE j 

and in the radial direction is: 

= v + KEr 

(2) 

(3) 

(*) 

But the average stream velocity in the r direction, v , is zero. Hence, 

VJ • KEr     , 

which is liquation (1). In the case of the axial motion 

*i   E w  +"R 

W:      S   w    +   KE, 

(5) 

(6) 

If the ion drifts with the stream, then wR  is zero and w = WJ  , and no field exists. If, 
however, the other limiting case applies, WJ   goes to zero since the ions remain stationary 
relative to the walls. In this case: 

•  • - KEZ    • 

This equation indicates that an internal field may be established in the gas stream which 
is a function of the stream velocity and mobility: 

E.  "(-H 
\s a limiting case. 

w 
K 

(7) 

(8) 

An estimate of the order of magnitude of the electrical fields involved can be determined 
by using Equation (8) and assuming typical values for K and w. 

Let: 
2.OX 10      m   /volt-sec      ond       v»s|m/s«c 

Then: 

E,   »   - 

Ej   = - 50 volt» /cm. 
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Thus, the Induced fiel Is are small relative to the applied radial fields. 

If the usual assumptions for laminar Hagen-Poiseuelle flow are made, the Navier-S.okes 
equations become: 

MV«W=_JJE_ +F, (9) 
N 

where p is the pressure, Fz  is the body force in the z direction, and^. is the viscosity of 
the gas. Assuming the only active body force is due to charge action in the stream, 

F,   ■ Pc   I, (1°) 

where p   is the scalar charge density: 

/l7tw " "a7 +Pc ** '' 0 (11) 

Substituting liquation (8), 

^„-P JL .at.. (,2) 
c      K dz 

This equation can be solved once a charge density distribution is known using the usual 
assumption that dp/dz   is a constant for fully established steady-state pipe flow. This 
equation represents the limiting case for w;  =o • 

Before considering solutions to this equation, a more extensive consideration will be 
given to the effect of current continuity on the ion motion phenomenon  The equations 
applicable to the problem at hand are a combination of electric-field and fluid-flow equa- 
tions (Kef. 3). The problem attacked here is that of the isothermal flow case; the energy 
equation is not included since the energy of corona discharge is so small (Ref. 1). 

ELliCTRlC-FlELD  AND FLUID-FLOW EQUATIONS 

p » ^ g RgT 

^P             d 

.,   +  öl,   <f>">)-0 

^   Of                dxj         ^        J            3 »•I 

A   -    —-'- 

(13) 

(14) 

+ Fi (15) 

t;    m   +Mt{ÜXH,+   ^,7   [••   (-^)T1--^    (^^T 

(16) 

(17) 

7 x H   = 7 +    d'E (18) 
dt 

7 x E . - -^_ (19) 
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*Ä 
dt 

+ ^- =o 
»., 

jj  =  |l   +/,c  u|    =   crfEj   +,*, (uXH)]*^   uj 

V«   H    = 0 

7- E    =   - 

4      •", 

(20) 

(21) 

(22) 

(23) 

(3) 

AMU 1PTIONS FOR CHANNEL FLOW 

The following assumtions are made: 

1. The stream velocities are very low, of the order of 0 to 2 meters/second, and M0—0, 

2. The fluid is incompressible. 

3. Flow is steady-state; no local time derivatives exist. 

4. Flow is fully established in the channel; the entrance region will not be considered. 

5. There are no gravitational body forces; in the isothermal case.this is considered 
a valid assumption. 

6. No magnetic effects are present. No external magnetic fields are applied, and the 
currents involved are so small as to make induced magnetic fields negligible. No 
time-changing electrical or magnetic fields are present. 

7. The nonuniform gradient terms are small relative to any charge motion effi.-cts. 
riils is particuli-rly true for a nonpolar gas, but it may not be always true tor polar 
liquids when highly nonuniform gradients i'-e present. 

8. The electrical conductivity, «r. of the gas is extremely small. It is assumed that 
all current is due to the ion motion. 

vVith these assumptions, the field and flow equations become: 

d* 
= 0 

pu _ dp ?••,   +FJ 

(24) 

rs) 
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V  x E   = 0 

is ♦ - 
ax1 

= o 

(TEJ     + P   U| rc     i 

7-E    = 

= KE 

Coneioering Liquations (30) and (26): 

4  ••?•■ 
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(20) 

(27) 

(28) 

(29) 

(30) 

(3) 

(31) 

For cartesian coordinates: 

_        A •' ['«.I 
A 

+ i 

A 

dEx 

dEv ^E. 

[••.(,. 

[--(4? 

ay 

aEy 

ay 

aEy 

ay 

dz )1 

Ml 
*tz 
dz )I (32) 

Thus, the body force can be expressed explicitly if <.:ther the charge density distribution 
or the field is known. In the case of two-dimensional flow between flat plates with a two- 
dimensional field, liquatior. (32) becomrs: 

Fy   = 

F,   .   «E: 

aEy 
ay 

ay 

-»-    « E. 

f 

dE, 

dE 

dz 

2 

dl 

(33) 

(34) 

The terms on the trace represent the gradient of the ordinary electrostatic pressure rise. 
The other terms indicate the possible cross Influences. In particular, if any E2 field ut 
all exists In the flow, the at /dy   term may be large enough to be significant. 

I 
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vV'ith no sources of ions throughout ihe stream,   a quasi-steady-state process exists. 

Then Equation (28) becomes: 

dJ 

d* 
-   0 (28a) 

For example, consider the parallel plate case again. I sing Liquations (28a) and (29) with 
o- =0 , 

aj ^c " 

dx 

For the two-dimensional case: 

- + 

#ti 

'Pc** 

= 0 

=    0, 

(35) 

(36) 
d y dt 

As an analogous case to the flow of ions from the wire to the wall, assume that the corona 
discharge takes place at the flat channel wall and the ions drift across the space to the 
other wall. In this case, the net ion current, i, will be given by: 

i   = JyA 

where A      the cross section of the flat plate over which the fluid flows. 

i =  p   v.- A . 

Although p    and v.   vary with y ,   i is a constant. Substituting liquation (38): 

_!_      dPc *lfl      .     d Pcmi 

Therefore: 
07 

-   0 

= 0 

A.  "• 

For fully established flow, 

For p   constant, rc 

t   (yl 

Pc *   + Pc
mH   =  f ' » ' 

pc    ( •  +  KE,  )  =  f( y) . 

■    = fj ( y)    only. 

E,   » f, (»)   . 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 



Let: 

•  •  I      On   »" 
n=o,i 

From liquucion (29). 

c 

tor <J -~o 

,..- 

Substituting liquation (3): 

In the y direction: 

J y    ^c   v   -H^   KE 
y 
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i46i 

E, =     Z      bn   y" W) 
n =0,1 

J   ..(,1   -HU^-H.EV (29) 

(j ♦ 4). (48) 

(50) 

^51) 
Since  v =0 in channel flow: 

Ihls Is the equation of current density for the case of corona discharge in a gas with 
parallel electrodes. In the z direction: 

J, -v^M KE'- (52) 

The physical conditions on the test require that no net current flows out the ends of pipe: 

I.J   i.M.« (53' 'J" 
J^^^.)'-"- (54) 

I lierefore: 

A/K
Ez)dA = -   -rj Pc   •**  ■ (55) 

Consider two-dimensional channel flow  with a channel of height 2h ; liquation (55) tiKfi 
llli'>ineK: 

I pc tz" —r M"*1 
-h -h 
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Letting 

1   =   T 
i 

-1 -• 

Küwritinn, Liquations (46; anJ (47) tvcome: 

and letting p   lie constant: 

/   I   (A. +KBn ) v
n  av -- 0 

1        (An   4-KBn 
n+l     '-, 

-   0   . 

If this function were evaluated over an indefinite interval instead of over the specific 
interval -1 to 1, then such an expression would lead to the conclusion that each of the co- 
efficients would have to he zero. If this were the case, then: 

Z  An  7,"    =-Z   K   Bn   7," 

and 

Itecause of the definite integral, the sum becomes: 

ft.   +K Br 

I        n + l ' 
0   . 

vVith the conditions available, it is not possible to evaluate the coefficients an in terms of 
Bn . It do^s not appear oossiblc to uniquely determine the coefficients of the power series. 

Considering Equation (55). we can see that Equation (8), 

E      -.- ^0- 
* K 

satisfies the equation identically and consequently it is a permissible relationship. It is 
not likely, however, that it is a unique relationship. 

The Navier-Stokes equations for fully established flow become: 

•-• t dp 

Solving for /9C E2 and substituting into Equation (54), we find: 

(H) 



/(f I 

d z     ' A ^K 

One condition for the flow which satisfies the current condition is: 

V2 w 
i dp 

¥* di 
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dA   = O. (>%) 

-- 0 (12) 

1 his oquiition may he considered to offer a first approximation to the influenci" of the ions 
on the flow stream. As mentioned above for Equation (8), however, this is not necessarily 
■ unique condition. 

liquation (S§) can lead to »n insight Into the phenomenon involved. From the definition 
of the mean value of a function: 

-T     J   % Ez dA   =  «^i'm 

A      A K *      K m 

The mean value of the body force, liquation (26). becomes. 

'^e-'m 

Substituting into Equation (11), 

t dp i 
0  . 

(5/) 

(58) 

(59) 

m 
In summary, it appears that as a first approximation the equation of motion for the flow 

with ions present in a field can be given by: 

ß* dp 
di 

-   0 (12) 

In addition, based upon the mean value of the body force, the equation of motion can be 
given by: 

K       rc       •" dt 

where 1 ^. • 1   is a constant value. Finally, it is logical to assume that: 

and liquations (8) and (59) indicate two permissible forms of the relationship. 

(60) 

10 
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ANALYSIS 

liquations (12) and (60) for the case of channel flow in a constart area duct with incom- 
pressible flow  become ordinary linear differential equations. Equation (12) contains a 
variable coefficient, p   . while Equation (60) has onJy constant coefficients. 

NONDIMENSIONAL EQUATIONS 

Before proceeding with the solutions to these equations, they will be put into non- 
dimensional form. 

Let: 

where      w       is the mean stream velocity, 

R      Is the inside radius of the tube, and 

h      is the half height of the channel. 

For channel flow: 

* df w 
V v»  ■   j— for  porollel  plo'es 

and 
„t d  w I       dw 
V w   »    •- ■♦• for a   round tub« 

d rl r       df 

FLAT-PLATE EQUATIONS 

Equation (12) becomes: 

(—) 4 1)* H-* /* "m 

The term   ——   (—^-)can be rewritten as: 
hmm    at' 

C    / dt 

H.*m      dt 2        d C 

(61) 

7) =  mtm     for  the   cylindrical   cos«,   and 9*§ 
n 

T; =   -^-    for   the   parallel  plat«, (63) 

d'w     _  _Q2_|!_  ^    i  _J^_    ,^_. 

(65) 

11 I 
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where 
(66) 

(67) 

(68) 

(69) 

(70) 

All terms of liquation (7U) are dlmensionless. 

Since w is dimensionless, then^h/^K must be dlmensionless as well. It represents the 
unique contribution of the ions on the flow, and is the characteristic number for this type 
of flow. 

„♦.      E 
p   ■    /" wmS 

2 

«• + 
»-.■';""" 

0H = -^- a   4h M    m P 

(JT;*          /IK                 2 

let: 

Therefore 

Define: 

* • T" (71) 
'Cm 

c L      , /;„ - «. f        -   ■ ■ 

ft* V  M K (TT-)^- (72) 

" (73) 

where ^      is the mean value of charge and 

L     is the characteristic dimension of the flow. 

This dimensionless number represents the ratio of the charge forces to the viscous forces 
in the flow. 

For flat plates. Equation (73) becomes: 

^ 

Substituting into Equation (64): 

-** f. dV \    fwJfLM- (74) 

12 
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This indicates that tho flow depends upon two independent parameters, the flow charge 
number and the Kevnolds number. It should be kept in mind that p * can be a variable. c 

CYLINDRICAL GEOMETRY EQUATIONS 

Substituting into Equation (12). we find: 

or: 

where 

d TJZ 

d' W 

d 7j2 

dW 

dT, V
MX     ' M"m 

dp 

I 

V 

dW . dp* 

i« ^C 

M 

P 

h* 

(75) 

(76) 

(66) 

(77) 

(78) 

The same two independent dimensionless parameters are involved as before. The terms 
in Equations (65) and (75) 

are constant during integration. 

dp 
dt 

and 
.m       (      32      ) 

EQUATION WITH MEAN VALUE OF BODY FORCE 

Equation (60) can be put into nondlmensional form, 

Flat Platee 

"* w (*:w), 

Round Tubes 

dr m 
% 

NR. dp* 

*t 
(79) 

d* W 

7$ 
dW N«     ■ Nn     —~- 

dp' (80) 

la 
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SOLUTION OF THE MEAN VALUE EQUATION 

Considerable insight into the action of the charge on the stream can be gleaned from an 
analysis of the approximate mean value equations. Consider Equation (79). It can be written 
in the form: 

I Mine: 

/ _ap_     (^"L x 
fi *m 

A P. dp {Pc*)* (81) 

Therefore: 

d*W 

M wm 

A P. 

Since the term on the right-hand side is a constant, the solution is that of Hagen-Poiseuelle 
flow: 

W    =  - 
2/i   wr 

AP, 

At 
(l -7}    ) 

2/i      Az ' 

_ -hi 

I 
3 

_AP1 

Az 

h 

Az 

APe Substituting for -j^- from Equation (81): 

m     3     M    v az 
(A •)« 

(82) 

(83) 

(84) 

h 
I 

h _dp_ 
di 

(85) 

This equation indicates that for a given mean flow velocity, the pressure drop will in- 
crease with the amount of charge present. To more clearly show the effects, consider 
the case of constant charge density. Assume p   '.s constant. Then: 

K-l i • m 

Equation (85) becomes: 

14 
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3     H-  ^di    ' (86) 

Liquaticn (85) indicates that for a given available pressure drop, the flow velocity will 
decrease as the charge density increases. This action is in agreement with the test data 
obtained. 

Consider, next. Equation (80) for the round tube: 

_l_ 

1 
Defining: 

Az       dz K 

(87) 

The solution of this equation leads to: 

Mwm 

AR, 

4MwB A2 
*-   11-7)') 

R*      A^ 
mox 4/A        Az 

I,      =    —   _:     ?- 

Substitution of Equation (87) leads to: 

(4*L 
m 8/i K 

which is similar to Equation (85). 

For the case of constant charge density: 

8M 

_*! JE. 
8^     dz 

Pc g 
8^ K 

1 + 

Az 

_3p_ 

dz 

(88) 

(89) 

(90) 

(91) 

(92) 

(93) 

which is similar to the form of Equation (85) for flow between infinite parallel plates. 

Expressing these relationships «n terms of the charge number, Hfi  : 
c 

15 



For Flat Plates 

For Round Tubes 

wm =  — 

_tr_ 

äz 

8/x 
CP 

m 

('♦ 8 -) 

The Blasius friction factor is defined as follows 

'B 
r* 

2 

RTD-TDR-63-4009 

(94) 

(95) 

(96) 

where rw   is the fluid shear stress at the wall. The friction factor can also be defined in 
terms of the pressure drop in the channel. 

For Round Tubes 

f0   ■ 2 (97) 

/0"mD 

For Infinite Parallel Flat Plates 

f> 

'BS 

NR,   « 

dp 

P*m DH 

(98) 

The friction factor ordinarily used in engineering work ia the Darcy friction factor, 
which is defined as: 

'0    s 4 'B (99) 

Both versions of friction factors arc used in this report. 

Based upon Equations (94) and (95), the friction factors for flow with charge, assuming 
p    is a constant, become: 
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For Flat Plates 

For Round Tubes 

24 

NRe 

96 
NR, 

16 

64 

NR, 

I + 

I + 

I + 

(•♦nH 

(100) 

(100a) 

(101) 

(101a) 

LIQUATIONS FOR ROUND TUBE WITH CENTRAL WIRE 

The case of a round tube with a central wire will lead to a change In the velocity profile 
from the parabolic shapes indicated in Equation (89). In the tests conducted, the wire was 
0.004 inch in diameter. This distance (0.004 Inch) is three orders of magnitude greater 
than the mean free path of gas molecules at normal temperature and pressure conditions. 
Consequently, the wire will appear as a stationary surface to the macroscopic flow stream. 
Under this condition the velocity profile without ions present Is: 

l 
4M 

 I 

8M 

64 
NR, 

J2- ,R«-r«, r^x (R'-r4) 

dt 

dp 

L in 4 (R2 r *) 

,'-,/,[ R +ry 

im* 
tm 

I R-ry ) rJ?_L^L ! I 

For the case of p  constant, with the central wire and   R >> >•„ 

64 
NRe 

0^) 
{'- in-^- 

(102) 

(103) 

(104) 

(105) 

For the test conditions, R - .625 inch and f_ - 0.002 inch: 

64 (I. 21) 

No 

Ho      . 
(106) 
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CHARGE DENSITY IN THE CHANNEL 

In order to determine the significance of the charge number on the flow, It is necessary 
to determine t;ie charge density, its magnitude, and its distribution in the channel. There are 
two general approaches for determining the distribution of charge of a corona discharge in 
a dense gas. 

LOEB SOLUTION 

Loeb and Brown indicate a method suitable for determining the distribution of charge 
between coaxial electrodes (Refs, 4, 5). Their method assumes that with small corona 
currents, the space charge will be very low, and the distortion of the field lines will be 
negligible. Parts of Loeb's analysis, for coaxial electrodes, will be reproduced here. 

The motion of the ions involved in the corona current is assumed to act essentially 
independent of the flow velocity. The problem, then, is reduced to determining the current 
motion in a radial direction only: 

i * Zir r p   v_ -£ rc   R 

where S is the length along the pipe. Assume J?= unity. Substituting Equation (3): 

(107) 

i  = 27rr ^  KEr 

E,= 
V-ir ^(R'-r»2) 

2 ir K V 

- Zwpcr 

'•« 

2»r*K (R*-rw
2l 

-t   Air   r '«JV 1     A (-£) 
For small charge density. Loeb assumes that the second term can be dropped. Then 

2 7r K v 
i a 

Ht) 
2W K V 

J>*4- 

(108) 

(109) 

(110) 

I 

(111) 

(112) 

Loeb points out that this approximation holds in a region outside of the intense corona 
surrounding the wire. The radius of the Intense corona region at a pressure of one atmos- 
phere is of the order of 102 mean free paths. At standard conditions; this distance is of 
the order: 

Ar   = 0(10"* )   cm 

rc     --   rw  + Ar 

a   0.003   inch   -   0.0076 cm 

(113) 

where fc  Is the radius at the edge of the corona. In terms of rf and a tube radius of 0.625 
inch. 

18 
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014) 

Thus, under these assumptions, the space charge density will be essentially constant 
between the electrodes, 

STUETZER SOLUTIONS 

Another approach for obtaining chaige density distributions is presented in summary 
form by Stuetzer in Reference 6. The space charge effects are included in this approach, 
and it is assumed that the field at the in;enBe corona goes to zero because the discharge 
is space-charge limited. Only hip results are presented here for ready reference. 

Coaxial Electrodes 

\        I   ZirRKi (r*-re*)    ' 

*<    «I 
Parallel Plate Electrodes 

'wHltK      l'       ^H 

i« 

2KA(y- »o» 

2i (y - »0> 

A < K 

f 
f 

(115) 

(116) 

(117) 

(118) 

where A is the cross section normal to ion current flow, and y   is the distance to the 
edge of the intense corona. 

In the region away from the intense corona, r > rc and the following approximation 
for Equation (115) results in: 

ic f (^)T 
'c ■ I iTTT] 

■ rig-i' <-?->f 

where Jw is the current density at the wall. 

The average charge density for a region ra > rc   is: 

(119) 

en.„       i    V ZirRKi /     rVt 'ovg 

4     / Jw«   J        H'/* (R^-fq1/   ) 
3     V   RK     / o< RK 

(120) 

(121) 
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(122) 

CHARGfi AND CURRENT DENSITY 

To calculate the actual magnitude of the charge densities used in the tests, the actual 
test configurations must be considered, and the mobilities of the ions must be known. 

Exploratory Sequence 

Jl     -    7Z  inch«      -  1.828   meters 

R    ■   0.625 in       =0. OIS87   m«f«rs 

Revised Test Sequence 

M    -   i>7   inches    =1.70  maters 

R    -   0.625 in = 0.01587 m#t«rs 

Table 1. Mobility of Ions 

(From Reference 2) 

GAS 
K    ( meters' / volt-sec  ) 

K K + 

Air (dry) 

Air (very pure) 

C02 (dry) 

H20 at lOO'C 

N2 
N, (very pure) 

02 

2.1 x 10'4 

2.5 x 10"4 

.98 x 10"4 

.95 x 10'4 

1.84 x 10"4 

1.45 x 10"4 

1.8   x 10"4 

1.36 x 10"4 

1.8   x 10'4 

.«:; x io"4 

1.00 x 10"4 

1.27 x 10"4 

1.28 x 10"4 

1.31 x 10"4 

It must be recognized that ion mobilities are not precise quantities. The values shown 
are greatly affected by age, contaminants, moisture, and to some extent by the field 
strength. As in most corona wind analyses, however, we have assumed that K is constant 
(Refs. 7, 8). 

For both sequences of tests reported in Reference 1, the current density and the charge 
densities based upon Equations (112) and (122) are given by: 

20 
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Exploratory Tests 

Jw   - 5.49 i 

Constant charge density. Equation (112) 

p     - 0. 481 

For Equation (.122) 

V -74><,0'9(iry 

VK 

Final Tests 

Equation (11*): 

Equation (122): 

Jw =  5.88 i 

p%   . 0,5.6   -^ 

7.65 X •-    m1 

(123) 

(124) 

(125) 

(126) 

(127) 

(128) 

where     jy      is given in amp/m , 

I       is given in amperes, 
3 

p      is given in coul/m , and 

V       is given in volts. 

To calculate the charge number density, it is necessary to multiply the equations of 
charge density  by the number of charges per coulomb: 

I coulomb    » 1.602 X lo'*   chorga«. (129) 

For a typical case, assume the following values, based upon test data: 

i    I   I milliamp 

V    I   6500  voltf 

K   =   2 X so"4 m* / volt -»«c 

For the exploratory tests, these conditions lead to: 

Equation (124) 

p I 9,92   X   10      crarg«s /CC. 

21 



RTD-TUR-63-4009 

liquation (125) 

■  2.56   X   10     charges / CC. 

For this sjt of conditions, values for Equations (115) and (119) are plotted in Figure 6 
along with the average values calculated. It can be seen that, except for the region close 
to the wire. Equation (119) gives a good approximation to the space-charge-limited varia- 
tion. Although the two average values of charge density are not the same, they are in 
good agreement from an order-of-magnitudn standpoint. 

One of the parameters used in the analysis is: 

^ ( uK   )   (   KR    ) 

.K     'c,. 
(130) 

The other factors used in the analysis are related to y   as follows: 

From Equation (122) 

From Equation (119) 

y, 

Pc 

4    ( MK ) PC0 

—   P        i-V 

(131) 

(132) 

From Equations (131) and (73) for the round tube and variable charge density, and since 

pc* 

r, -   -?-    N (133) 

MAGNITUDE OF THE INFLUENCE OF CHARGE NUMBER 

A typical value for the charge number can be calculated as follows. For air at standard 
conditions: 

K   =2.0 x io"4   in* / »oi» - i«c 

/i,  =  I. 783   X 10"'   kg / m - i«c 

R  =   I. 587 x  10"* m 

H* 
= 7. 06 X IO4   m' /coul. 

From Equation (125) for the exploratory tests and a current of   i  ■ 10"   amp: 
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ft     =   7.4 X   10       x /b" 
"a 

16.5 X I0'S    coul /mS 

Therefore: 

\ •■prV'1-1 

That this is a surprisingly large number can be seen from a consideration of the equation 
for friction factor: 

fD 
^_(l+^) (101a) 
No      V Hi ** 

Assuming the charge density given by Equation (124) and   i ■ I0~s amp  leads to: 

%• ^ 3-89' (135) 

Thus, the magnitude of the charge number is sufficient to cause increases in friction 
factor which are similar to those found in the test data. Prom consideration of Equations 
(73), (101), and (125), it can be seen that the Increase in friction factor depends on the 
square root of the corona current: 

foz -HT* ,+ oi1r, (136) 

where a  is a constant. 

Equations (100). (101), and (134) predict that tue curves for friction factor should be 
parallel to the 64/NR    line for flow without lonlzatlon. Values computed from these 

equations and the test results plotted in Figure 1 are strikingly similar. Although the 
absolute values of fD as given by Equation (134) do not agree precisely with the test data, 
the degree of correlation achieved is surprisingly good. It must be borne in mind that 
these expressions for friction factor are based upon a mean value approximation to the 
body force which was used in the solution of the differential equation and that the mean 
value approximation leaves the shape of the velocity profile unchanged as the ions flow 
through the gas. Test data, however, show a marked Influence on the velocity profiles. 
Consequently, to evaluate the possible effects of the charge on the profiles as well as on 
the pressure drops. It is necessary to consider the equations in which the body force 
varies. 

I 
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SOLUTIONS FOR CHANNEL FLOW WITH CHARGE PRESENT 

Six separate cases for flow through a channel are considered. They Include variations 
in the flow boundary conditions and two different assumptions of charge density distribu- 
tion, as follows: 

Case I. Infinite parallel plates with constant charge density, p    . 
o 

Case II. Infinite parallel plates with variable charge density given by Equation (117). 

Case III. Hound tube geometry with constant charge density, p^    , assuming the wire 
does not influence the flow. 0 

Case IV. Round tube geometry with constant charge density, pc   , assuming the flow 
is at rest at or near the wire. 0 

Case V. Round tube geometry w'th variable space charge, assuming the wire does not 
affect the flow. 

Case VI. Round tube geometry with variable space charge, assuming the flow is at 
rest at or near the wire. 

CASE I. PARALI BL PLATES, * CONSTANT 

This is the simplest Idealized case to consider. We have assumed that a uniform charge 
exists between two infinite para'lel electrodes. Equations (64) or (74) are applicable. 

Consider Equation (74): 

2!*    .^   «•«.JfeL j|£. (74) 
if1 

Since 

for this case: 

P. 
C P*. 

<r w NR, 

dt,« Pc 2 K MWm 

This equation can be solved directly with the boundary conditions of. 

y.O.    —  -0, (138) 

y= h.       W   =   0 , (139) 

*s_(_iL.)   iE-_L-[l,    ggjafflg  1   1 (140) 
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As p — o , this expression becomes: 

A =..L   ^L ( •• 
2        M wm   V dz &)"-** 

(M) 

which is the equation for flow without ionization. 

It is of interest to compare the form of Equation (140) with the Hartmann equation of 
magnetohydrodynamlcs. From Reference 9; 

w._ J_ r     E      +  IS If,-   C0,hM^  I mn 
«m    LM,H0    +    M.^Ho2    'I1 co,h M     I (141) 

where     H0      ie the applied magnetic field, 

/it    is the permeability of the medium, and 

M      is the Hartmann number. 

The term in the left set of brackets of Equation (141) is a constant for a given set of 
parameters. Likewise, the terms preceeding tlie bracket of Equation (140) are constant. 
We can readily see that the two profiles are of the same general form. In MHD, this flow 
leads to a flattening of the velocity profiles. It can be expected, therefore, that Equation 
(140), which deals with charge motion, leads to a similar flattening. This flattening is 
apparent in Figure 7, where two values of the charge parameter, Np   , for Equation (140) 

are plotted. The value   N0   ■ 8.9 corresponds to a charge density of approximately 12.5 x 
-5 3 10    coul/m   and a channel height equal to D » 1.25 inches. The mean value of the flow 

veioclty is: 

-(•f) _dp_ 
di 

I 

Using Equation (98): 

32 

'D 

V. 

h 

['- 
fonh • (142) 

dp 

32 N^ f   m*jmr i-' 
*. ^K 

(143) 

— 0 

H " 
96 
NR. 

which is the value for ordinary flow. The friction factor expression. Equation (142), will 
be displayed later In comparison with the other cases. 
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CASE II. PARALLEL PLATES, p    VARIABLE 

This is a case In which the charge density is assumed to vary in accordance with Equa- 
tion (117). A flat ion source is assumed to lie on the y: o plane, coplanar with the walls, 
as shown in Figure 5. In this idealized case, it is assumed that the planar Ion source does 
nor impede the flow at the centerline. 

dij* 
w   = 

M*n 

dp 
di 

Utilizing Equation (112): 

for | > »„ 

-   a 

Let 

Equation (144) becomes: 

—  [ 

[•rnnrl ur* 

r *Jw i« m_ " 
MK 

2h ]•'• 

d* W .«    w dp 

The solution, following Reference 10, becomes: 

(144) 

(145) 

(146) 

(147) 

(148) 

where 

x, - -f-M* 

(149) 

(150) 

I)^( X,) is the imaginary Bessel function. The boundary conditions are: (a) that the 
solution must remain finite, and (b) at* 

f «ll     w* 0 

The integrals in this case are not evaluated further, since this case is not of direct 
Importance to the evaluation of the test data. The solution. Equation (149), does serve to 
Illustrate the complexity of the form, however, even when simplifying assumptions are 
used. 
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CASE III. ROUND TUBE, p   CONSTANT 

In this case, round tube geometry is considered, assuming constant space charge, pt . 
It is assumed that the wire does not influence the flow; hence at r = 0, • ^ 0. Starting 
with Equations (75) and (76): 

d   W + —- 
1 

dW 
d"»;* 7j      d TJ 

For constant charge density, p 

-   N K  ^ W   = Nc 

■n 
Equation (76) ^lecomes: 

d* w dW dp 
dz 

vVith boundary conditions that permit the solution to remain finite, and at 

(76) 

(151) 

(152) 

17  * 0 ,   w » 0. 

The solution of this equation is: 

w = (153) 

Th's equation is similar to that for the parallel plate case and the Hartmann flow, except 
thar the hyperbolic functions are replaced by the Beseel functions. Figure 6 illustrates 
the fattening of the profile due to the presence of charge in the stream. N-   - 8.9 repre- 

3 c 

sents a chargi deuc<ty of approximately )2.5 coul/m   for the 1.25-inch-diameter tjbe and 
a current of approximately 580 microamperes under the test conditions. 

The meai' value of the flow velocity is: 

R 

it 
dp I 

I* ['- ] (154) 

As pc - 0, Equations (153) and (154) become identical to Equations (89) and (91) for flow 
without ionization, where   p = p   for zero ionization. 

Using Equation (97): 

f« « — 
4 (N, >pc&Z0 Mff) 

(155) 

%• l-T «• W%)-M^)l 
where i0 and I, are imaginary Bessel functions (Ref. 11). Equation (155) In^caics that fD 
is a- complex function of the charge density. It can be shown that as 

f 
i; 
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64 
N«. 

The variation of (D will be presented later in this report. 

CASE IV. CONCENTRIC TUBE. Pc  CONSTANT 

In this case, round tube geometry is considered, assuming constant space charge and 
that the wire does affect the tlow. The boundary conditions are: 

W* 0,    at  7) - \ 

and the three different conditions near the wire are: 

Case IVa. No charge present: 

w =0,   of   7}0   * 0.004. 

Case IVb. Based upon Equation (114): 

W« 0,   o»    r)0   * 0.005. 

Case IVc. Based upon the assumption that the corona region may be of the order of 10 
wire diameters: 

W« 0 , of     i;0 = 0.04 

The equation in this case is the same as for Case III. Equation (152): 

d* w       l       dW R*      ,  do v (152) *       •       dW H'      ,  dp \ - +— Np   w r -Z—  (-¥-) 
'       7)       d-n rc ^wm    \  dz   ' 

Case IVa. The solutions for this case without space charge are given in Equations (102), 
(103), and (104). 

Case IVb. Where r,   - 0,U05: '0 

■•^SrH^it [,-o-,442io(^)-o-2o^o(^)]   <156) 
ZR*      dp I 

•rc ^7 ^[i-01442 VT «.(^KT) 

♦0204 V."* K' C-^TJ +0,44Z (7=)«. I0005 ^ ) 

t   0.005    v ___       ■ 
-0.204   (-—=r-)     ^(0.005/^)1 (157) 
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The friction factor can be obtained from: 

(*1   i£.\ 
,     ,      • Lg     dz) (97) 

•   D NR, 

where »m Is obtained from Equatior (157) and K,, and K, are imaginary Bessel functions 
of the second kind. 

Case IVc. Where rj ■ 0.04: 

R*     / dp \    l 
w   =- 

w_  - — 

(^MfT-   [' -0.1436 I0(7N^)   - 0.403 K0{yN^)] (158) 
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-t-O 403 N't    K,  (yS^-)   + 0 1436   ( )   I,  {O.O*SH£~ ) 

-0.403   (      '        )    K,     (0.04 yN^      )] (159) 

The friction factor can be calculated from: 

(L, ,   -A_  / J?l -iP_\  . _!_ (97) 
°        NRm    \   fj.       di   '        *m 

To obtain fD . substitute •„, from Equation (157) into Equation (97). 

Figure 9 illustrates the variation of the profiles with a change in rj    for Cases IVb and 
IVc. Figure 10 illustrates Case IVa and Case IVc. The velocity profiles have been normalized 
by dividing the values by the maximum velocity. The effect of the charge con be seen by com- 
paring the two curves for •»;,, * 0.04 . 

CASE V   ROUND TUBE, Pc VARIABLE 

In this case, the round tube geometry is considered, and the space charge is assumed to 
vary with radius according to Equation (119) or (132). Equation (76) is applicable to this 
case: 

 T * —   "1—   - Ni>     /»"■*= NR    -^f- (76) 

From Equation (132): 

:9 
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Using 

Equation (76) then becomee: 

d2 W 

r, - 

dr, 

w 
*) 

(160) 
6 7)* V        07) • ' 7)/* fLmm 

The boundary condltlonB for this case are chosen as: 

w   = o,     of    ?;= i 

and w remains finite at the trigin. 

A review of the test data on velocity profiles in Reference 1 indicates that when ion 
current flows, the profiles give the appearance that the flow may not stick at the central 
wire. The assumptions used in this case, for this reason, may he fairly realistic. The 
solution of Equation (160) is given as: 

-    K0(O   /|% 1,111   dC   } 
where *•+* '/«  «V-i 

(161) 

(162) 

It should be noted that although K0 IC)^<D Lls C^O . the functions involved in Equation (161) 
are well behaved and reach a limit as ( — 0. 

A series of functions of ^ is presented in Appendix II to aid in computing the velocity 
profiles. Figure 11 illustrates the effect of the variaHe charge density on the profiles for 
various values of average charge density. The peak value of the curves decreases with 
increasing charge because the curves are computed for a constant pressure drop. As 
the charge density Increases, the mean flow velocity decreases. The flattening of the 
profile is evident. Figure 12 presents the data of Figure 11 normalized to the value at 
the centerline. In order to determine the mean velocity, the velocity profile curves were 
integrated. Consequently, only specific values of the average velocity were obtained. As 
the charge density, pc , goes to zero. Equation (161) becomes identical to the form given 
in Equation (89) or (91) for ordinary flow in a round tube without charge effects. 

= 0.56 

R*    dp 
%     l01095    M    ii (163) 
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'Vc 1   5.55 

*m = 00598 dp 
dz 

\ 
= 12   4 

0.0399 -5l IJSL 

Np   =    176 

0 0309 

W 

(*) 

(164) 

(165) 

(166) 

The friction factors can be calaJated from these equations for »«m and from Equation (97) 
for the round tube friction factor. The variation of f0 with charge density will be presented 
in a graph in a subsequent section of this report. 

CASE VI. CONCENTRIC TUBE, ft VARIABLE 

In this case, liie round tube geometry is considered, and the space charge is assumed 
to vary with radius according to Equation (119) or (132). It is assumed that the velocity 
goes to zero in the vicinity of the wire. For purpose of analysis, the boundary condition 
is taken at   'c = '„ . The same equation holds for this case as for Case V. 

47)* 

With boundary conditions of: 

d    W I       dW 
+ y 

fj 07) >      7} 
(160) 

7).   •- 0.04, 

*   I 

W    «0 

W   s 0 . 

the solution is given by: 

W  =  A,   1,,,0 + B, K0(O+ (AfS   %'%   _f!_(l£-)[l0(O/^K0,OdC 

-«„(o/e'7' K0(O gg ] (167) 

where the coefficients A and B are determined by application of the two boundary conditions: 

A 

*,- A 

o, 

On^r:^^)-o0i0{^r^) 

where 

0, 
M*r *) 

(168) 

(169) 

(170) 
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o,   •*(+*&*#**)-*•&**) Ko(T^ %»») (171) 

^o (1- r» 3    y,'1  Ti   . 
0 

'■o 

4_ 

m *%%)!** %***.<o* (172) 

-iv'/« 
^•«.^4»:ll)/t    c9/'io(0-c 

0 
(173) 

The value of ri0 is chosen as desired. If r)Q m 0.04. as Indicated In the boundary conditions, 
this is Inserted and the coefficients are determined. 

For 
rj s 0. 04 , 

v =  13.17,      Np     =17 53 

W 
^"m 

(■|^-)  [-11414 I0(f )   + I. 129 8   K0(f» 

Figure 13 Illustrates the velocity profile associated with Case VI. The assumed value 
for ri0 has a marked influence on the shape of the profile near the centerllne. It is believed 
that the assumption of rc = 10 rw   is far too drastic, and that the value of % - 0.005, as 
was used in Case IVb, may be somewhat more reasonable. The general Influence of such 
a change in T)0 can be obtained from the curves in Figure 9 for the pc   ■ constant case. 
Because of the large amount of work necessary for Case VI solutions, profiles for 
<L ■ 0.005 were not calculated. 

The mean velocity for the flow in Case IV with ■»?„ ■ 0.004, can be obtained by inte- 
grating the velocity profile. The friction factor can be obtained by using this mean value 
In Equation (97). 

OTHER CASES 

Two other possible cases were studied in which the charge density varied with radius. 
The two variations considered are: 

Pc 
f Jw /z 

(175) 
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I 
7,2 

(176) 

The differential equation for the density variation. Equation (175), Is; 

„8 
d2 W I dW W dp i        aw o w n      • op \ 

d^8 TJ       or/ *      Pc     1}        fiwm\ dz  I 

The differential equation fo"- the case of Equation (176) is: 

dZ W 

dTj* 

J_   ^W        Ji_ _W R2_   /dp \ 
ij     d?;        4    Pc     V*     fJ.*m   ' <32 ' 

An elementary solution is possible for Equation (177): 

w = - (IT)     , v^ 
M*n [<- +\ 1 ( .,«) 

(177) 

(178) 

When ^. — o . Equation (178) reduces to that for ordinary Hagen-Folseuelle flow. The 
shape of the profile is given In Figure 14. 
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CORRELATION AND DISCUSSION 

FRICTION FACTOR CURVES 

The hypoihesle presented in the previous section of this report puts forth the concept 
that the ions in the flow tend to set up an Internal field within the flow. This Internal field 
acts on the ions to provide a resisting body force within the flow. Rased upon that hypothe- 
sis, two general forms for the charge-induced body force result. One Is a mean value of 
the force given by: 

Fz. 
(a ji (59) 

I 

Using this average value, a variation of friction factor for a round pipe Is given by: 

■      Wä 

The second form for the body force is: 

(l+^E-) (101a) 

r,   -  +* (179) 

Using this form, we found several solutions for t0 in the previous section. 

The curves of t0 using the mean value of the body force are presented in Figure 15. 
The equations for f0 for both flat plates and round tubes indicate that the friction factor 
should increase linearly with No    . Since Up   is proportional to the square root of the 
corona current, then the increase In fo should occur as |^ 

Curves for the variation of fo based upon the variable body force. Equation (179), are 
shown in Figure 16. This figure includes almost all the cases considered in the previous 
section. As can be seen from both Figures 15 and 16. the theoretical predictions show the 
increase in friction factor to be much greater for the flat plate case than for the round 
tube cases. The round tube cases indicate that the effect of the variable charge density 
in a given tube configuration is to increase the rate of rise above the zero value. The 
effect of including the Influence of the central wire or corona region on the flow is to dis- 
place the curves upward by approximately the amount of the zero current increase. Thus, 
the central boundary condition does not have a controlling Influence on the pressure rise 
with current. This same point can be gleaned from t\v velocity profile data as well. Of 
significant importance is that all the theoretical lines indicate an approximately linear 
rise in the region of N^    under consideration, although ehe curves are actually not linear. 
This indicates that the more complex equations also predict that the increase in fD should 
be proportional to the square root of the corona current in the region of Interest. 

The analysis of the actions of space charge utilized the simplifying assumption that 
for regions away from the wire: 

''»'c' 

Consequently, rc  was dropped in Equation (115) for the charge density in the coaxial case. 
The analysis of Case V, which ignores the presence of the wire but uses the variable charge 
density assumption, may. consequently, be somewhat Inaccurate in the region around rc . 
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COMPARISON OF VELOCITY PROFILES 

The velocity profiles in the flow stream vary depending ori the assumptions macte on 
the charge density and body force term. In the case of the mean value force, the velocity 
profiles given by Equation (82) or (89) are the same as for ordinary Hagen-Poiseuelle 
flow. The profiles remain parabolas, and the charge acts only as a retarding influence on 
the flow. The action of the charge in this case can be considered as effectively increasing 
the viscosity. This approach was presented In Reference I, From Equations (94) and (95), 
the effective electroviscosity could be given by: 

Flat Plates 

ME   •*    (i+   ^-) (IM) 

Round Tubes 

ME   ,ß   (l*^») (181) 

Figure 17 presents a summary of the various velocity profiles for the round tube, 
assuming that the body force is variable in accordance with Equation (179). It can be 
seen for all the cases considered that, for a fixed mean flow velocity of 1 ft/sec. the 
profiles are severely distorted and somewhat flattened by the presence of the lonlzatlon. 
A strong tendency exists for the elimination of the large central velocltites found In 
ordinary Hagen-Poiseuelle flow. A steepening of the profiles at the walls of the tube can 
also be observed. This steepening should be expected to result in increased shear stress 
at the wall with a corresponding increase in pressure drop in thd flow. Such an increase 
in pressure drop is what actually was observe J. 

Figure 18 presents typical profiles for a mean flow velocity of 1 ft/sec In terms of the 
pressure head which corresponds to the local velocity. This presentation affords a better 
comparison with the test data. The test data are given In Figures 2 and 19 through 24 
(reproduced from Reference 1). A comparison of the values indicates the following: The 
test data indicate that without applied field, the presence of the wire definitely affects the 
flow at the lower Reynolds numbers. With lonlzatlon present, however, the presence of 
the wire does not seem to affect the profiles as much. In some cases (Figures 19, 23, and 
24), the test data indicate that the velocity across the pipe is relatively uniform. Other 
runs, plotted in Figures 20, 21, and 22, indicate distinct variations of the profile in which 
the velocity tends to increase away from the centerline toward the wall. The theoretical 
curves of Figure 18 indicate a general flattening of the profiles. At higher NR    , turbulence 

could be present and could contribute to the flattening found in the test data. 

The Case V curves (Figures 17 and 18) indicate a trend of the profile to increase from 
the center of the pipe outward, even though this was not imposed as a boundary condition 
on the flow. As the lonlzatlon is increased, this gradient from the center outward in- 
creases. A similar profile shape can be seen In Figures 20 and 21. The profiles calcu- 
lated upon the condition that the flow velocity near or at the wire goes to zero do not 
seem to be in as good agreement with the test data as are the cases where the wire effect 
is neglected in the analysis. No explanation for this is available at present. It would appear 
acceptable as a first approximation to neglect the presence of the fine wire and treat the 
flow problem as though the wire did not exist. In a general way, therefore, the test data 
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on profiles at the low Reynolds numbers verify the theoretical predictions that substantial 
distortions will occur with the presence of ions. 

COMPARISONS OF FRICTION FACTOR 

Comparison of the theoretical predictions for fß and the test data are presented in 
Figures 25 through 29. Figure 25 presents a comparison of the value for theory and for 
air. These data are based upon the exploratory test sequence described in Reference 1. 
The exploratory test sequence utilized a very short starting length, and consequently the 
friction factors for the case of zero charge are higher than the theoretical 

f 64 

D        % 
When this fact is considered, it can be seen that the data tend to show a linear increase in 
fD with Up    at lower values of currents. Some falling off of fD occurs at the higher values 
of current, which may possibly be due to localized discnarge. The generell agreement of 
slope and linearity is considered good. Only the curves for mean value force and Case III 
are shown for clarity. 

Figure 26 preuenlb a comparison of theoretical data with test data for air using the 
longer starting length configuration described in Reference 1. The data for all Reynolds 
numbers fall on a straight line. Although the magnitude of the increase is below that pre- 
dicted by all the theories, the linearity achieved is encouraging. The value 

K =2.0 x I0"4 m*/vol»-s«c , 

often used for air, is used for both Figures 25 and 26 in the computation of charge number. 

Figure 27 presents a comparison of theoretical data with test data for oxygen. Data for 
both positive and negative corona from an exploratory sequence are shown. The data indicate 
an approximately linear characteristic over a wider range of charge number. 

Figure 28 presents data for carbon dioxide for both positive and negative corona. Linear- 
ity is very good over a very wide range of charge number. Significant differences of slope 
appear between the negative and positive conditions. 

Figure 29 illustrates the effect with nitrogen. These data are very limited and are only 
indicative of the trend. Lines were drawn only to relate the points, and are not meant to 
indicate that a linear relationship necessarily exists. 

The comparisons Indicated in Figures 25 through 29 are made with the curves for Case 
III and the mean value curve for the round tube. For a comparison with the other theoretical 
cases. Figure 16 should be consulted. In most of the cases presented, the data indicate an 
approximate linear characteristic, at least in the lower ranges of corona current. Test data, 
however, generally fall below the theoretical lines. 

EFFECTS OF MOBILITY AND NONUNIFORMITY OF CHARGE DENSITY 

A possible explanation for the observation that test data fall below the theoretical values 
may lie in the value of mobility and in the degree of uniformity of ionlzation in the tube. 
The value of mobility affects the charge number as: 
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\   a   »^   ' 

\ snuill change in the value of mobility can lead to substantial changes in the magnitude 
of the charge number. Since precise values of mobility are difficult to obtain and since 
the values vary depending upon the cuntaminants and impurities in the gas stream, it 
would not be surprising to find discrepancies in the charge density. As was indicated in 
Reference 1, the moisture content of the gases was relatively high. In the case of air, 
the moisture content was approximately 1%, even though the gas was commercially dried 
air. The presence of water vapor could lead to ions of lowered mobility. If the average 
mobility was indeed lower, then the charge densities calculated using the K values given 
in Table 1 could be somewhat inaccurate. 

In the calculation of charge density, it was tacitly assumed that during the corona dis- 
charge the lonization would be uniform along the wire and remain uniform as the applied 
field and corona current increased. This is an idealized assumption which probably can- 
not be achieved in practice. It is the characteristic of corona discharge to tend to local- 
ize in certain discrete points as the field increases. During corona discharge in an open 
room, the characteristic hissing emenating from these local points can be heard quite 
readily. During such testing in the dark, such local points were observed at several lo- 
cations along the electrode as pinpoints of light surrounded by a violet glow. At these 
points, the current may be considerably larger than the average for the wire. Such local 
discharges would result in local high charge densities and a nonuniform distribution of 
ions along the tube. Thus, a substantial portion of the total charge might be located in 
discrete narrow paths that lay radially between the electrodes. Under this condition, cal- 
culating the average charge density from the measured corona current could lead to a 
substantial overestimation. Such possible nonuniformlties in charge density could have 
resulted in values of Np   for individual test points that were higher than actually existed 

over the major portion of the tube. 

A second action in the test could lead to nonuniform charge distribution. There is a 
possibility of slight deformation and sagging of the wire. If the wire were to move out of 
concentricity so that it is closer to one side of the channel than the other, a more intense 
field would result in the region of close spacing. A greater local lonization could result 
which would tend to traverse the shortest lines of force to the nearest wall. Such an action 
could lead to undesirable nonuniformlties. Prior to setting up the tests, we made a series 
of calculations of the droop due to gravity and p!*»r;tro8tatlc forces. The wire tension was 
adjusted to keep the wire straight within 1/64 inch under the action of gravity. Strength 
limitations of the wire did not permit reducing the deflections much below this value. If 
the wire were not in perfect center, then the electrostatic forces could act to move the 
wire further out of true concentricity. Consequently, some nonuniformlty of space charge 
may have resulted from the deformations that can occur during test. It is considered 
doubtful, however, that such localized discharges could have contributed much to the in- 
crease in pressure drop and profile distortion. Consequently, it is believed that their 
primary effect will result in the overestimation of N*    as discussed above. Such non- 

uniformities in charge density may possibly explain why the test data did not show as 
large a rate of increase In 10 as was predicted by the theory. 
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SUMMARY 

In order to seek an explanation of the unusually high pressure drops reported in Refer- 
ence 1, we conducted an analysis based upon the hypothesis that the ions in the stream 
tended to set up an electrical field internal to the stream. Although it is not possible to 
derive a unique solution for the internal field with precise mathematics, it is believed that 
an expression of the form 

f (1) 
is a valid representation of the field. Based upon the mean value approach for the charge 
density, field, and velocity in the channel, explicit solutions were obtained which predicted 
large increases in overall pressure drop when ionization is present and is confined In the 
tube by the applied field, 'he increases predicted were of the correct order of magnitude 
as compared to the data of Reference 1. The mean value approach is considered to be 
mathematically sound. The expression 

■ 

satisfied the electric field equations identically, and is a permissible but not a unique 
representation for Et . 

If some ion slippage could occur, such that the ions would not move completely against 
the stream velocity, an expression of the form 

could be utilized, where a0  is ■ constant which indicates the amount of relative slip present. 
If this constant is included in the equations, then the charge number is merely multiplied 
by the constant and we get a0 N.    . Thus, the effect of including such an assumed slip is 

to reduce the effectiveness of the charge number. Inclusion of such a term will not change 
any of the solutions presented but would change only the magnitude of the effective charge 
number. It would be possible to obtain empirical values for o0 by determining the change 
in effective charge number necessary to make the slopes for the theoretical curves in 
Figures 26, 27, and 28 agree with the test data. No analytical representation is available 
at this time, however, to fully justify the inclusion of such a slippage constant. The fact 
that theory tends to show greater pressure drops than experiment may be an indication 
that some slippage actually does exist in the stream. 

Use of the expression 

K 

in the fluid equations led to a linear equation with variable coefficients. This equation 
was solved for several channel geometries and various representative charge distribu- 
tions. The solutions for these cases indicated increases in pressure drop and friction 
factor similar to those found with the mean value approach. The rate of increase with 
charge density for these cases was somewhat higher than predicted by the mean value 
approach. All the cases indicated that large changes to the velocity profile would occur 
in a channel with bounded charge present. The correlation of the velocity profile test data 
and the theoretical curves is considered to be good. In some cases, fairly close represen- 
tation was achieved. 
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Putting the equations in nondimensional form resulted in the appearance of two new 
nondiinensional parameters. These two parameters are the charge number, N«   . and 

' c 
the charge Reynolds number No   . N«    represents the ratio of the charge foices to the 

c       "c 
viscous foices, and NR   represents the ratio of the interia forces to the charge forces. 

Appendix I presents a detailed analysis of these parameters. Based upon the kinetic 
theory, it was shown that the charge number is a direct function of the number charge 
density ratio and the Inverse function of the Knudsen number squared. If any appreciable 
degree of lonizatlon Is present, the Knudsen number acts as an extremely large amplifi- 
cation factor. This term provides a fundamental explanation of the surprisingly large 
effects on pressure drop and profile observed. 

The overall correlation achieved between the theoretical predictions and the test data 
is believed to be gooc.   The linearity achieved with fp vs. ty>    Is considered to agree 

with the predictions. A clear picture of the linearity can also be seen from the additional 
data presented in Appendix III. The analysis, however, predicted a greater Increase in 
friction factor for all cases considered than was actually observed. The factors which 
can affect this include the mobility of Ions, the uniformity of the charge, and the assump- 
tion that: 

n 

The mobility of ions is difficult to determine exactly for a given situation and consequently 
can give rise to error.  Nonunlformlties of corona discharge in the stream can lead to an 
overestimation of the charge density. The form of the Induced field. 

could be an overestimation of the Influence of the charge. The term j /o K from Equation 
(52a) C 

(52a) 
^ 

could act to reduce the net Induced field In the stream. 

Following completion of the work reported herein, it was learned that a paper by 
Stuetzer on "Apparent Viscosity of a Charged Fluid" might be applicable to this prob- 
lem. A review of that paper Is presented In Apj-^ndlx IV. Stuetzer utilized a similar 
analytical approach that produced average values Identical to the mean values presented 
In this report. This agreement 1R considered to provide strong support for the concepts 
set forth In this analysis. 
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CONCLUSIONS 

From the analysis carried out in this report and from a compailson of the theoory with 
the test data of ASD-TDR-63-842, the following conclusionu can be drawn. 

1. The analysis using the mean value o* the body force provides a solution which le 
sound from a mathematical standpoint. The analysis indicated that large Increases in 
pressure drop and friction factor could be expected if ionizatlon is present In the stream 
and the charge is bound to the physical system. The Increases predicted by the mean 
value approach are of the same order as those actually observed. 

2. The analysis utilizing rhe first order approximation, that 

indicated that large increases in pressure drop and large distortions to the velocity profile 
would occur if a bound charge existed in the stream. Good correlation with the test data was 
achieved. 

3. The predictions of theory that the increases in friction factor and pressure should 
vary directly as the charge number, Np   , or as the square root of corona current were 

substantiated by comparisons with the test data. 

4. Two new nondlmenslonal parameters appeared, the charge number, and the charge 
Reynolds number. These two parameters control the effects of charge on flow. The charge 
number is a function of the square of the Knudsen number. The Knudsen number acts as 
an amplification factor on the charge present, and provides tht ..ey to the surprisingly 
large actions of charge on flow of dense gases. 

5. The hypothesis that the ions set up an Internal field acting to retard the flow Is con- 
sidered to be substantiated by the comparison of theoretical values with test data. The 
solutions for velocity profile, however, may not necessarily be unique, and further work 
is needed in this direction. Stuetzer's analysis on apparent viscosity provided further 
substantiation for the validity of the induced Internal field. 

6. The net Impact of these charge phenomena depends upon further careful evaluation 
of the charge effects In both internal and external flow. It is necessary to define the limits 
of the action as dimensions vary and as flow velocities increase. Possible critical or 
limiting values for N0     and NRc   must be determined. If further research indlcatec that 

the charge phenomenon is active In laminar external flows, then we can envision many 
ultimate practical applications. The phenomenon could conceivably be applied to the 
control of laminar boundary layers and heat transfer under laminar conditions. It would 
appear useful as a basic flow Investigative technique for use in the stud-, m ooundary 
layers. It could possibly be used as a flow trigger In regions of transition or separation 
in the gas stream. It is not possible at this time to delineate explicitly the techniques of 
incotporating the mechanism In actual operating systems; It is believed, however, that 
applications will evolve as experience Is gained in working with and controlling the phe- 
nomena. 

40 



RTD-TOR-63-40'Jo 

REFERENCES 

1. Velkolf, H. K.. An Exploratory Investigation of the Effects of lonizatl m on the 
Flow and Heat Transfer in a Dense Gas. ASL)-TOR-J3-842. Aero Propulsion 
Laboratory, ASD. Air Force Systems Comtnand, .V-FAFB, Ohio. 1963. 

2. Cobine, J. D., Gaseous Conductors. McGraw-Hill Book Company. New York, 
N. Y. 1st Ed., 1941. p  252. 

3. Pai, S., Magnetogasdynamics and Plasma Dynamics. Springer Verlag. Vienna. 
(Prentice-Hall, Inc. Englewood Cliffs, New Jersey), 1962. 

4. Loeb, L. B., Fundamental Processes of Electrical Discharge in Gases. John 
Wiley and Sos, New York, N. Y. 1939. 

5. Brown, S. C, Basic Data of Plasma Physics. The Technology Press, John 
Wiley and Sons, Inc. 1959. 

6. Stuetzer, O. M.'lon Drag Pressure Generation" Journal of Applied Physics. 
Vol. 30. 1959. p. 984. 

7. Hamey, J. D., An Aerodynamic Study of the Electric Wind. Thesis, California 
Institute of Technology (AD 134,400). 1957. 

8. Robinson, M., Movement of Air in the Electric Wind of the Corona Discharge. 
Nobs 77164. Index No. NS-6(X)-01Ü. Technical Paper TF-60-2. Research- 
Cottrell, Inc. Bound Brook, New Jersey. 1961. 

9. Perlmutter, M., and Siegel, R. Heat Transfer to an E'ectrlcally Conducting 
Fluid Flowing in a Channel with a Transverse Magnetic Field. NASA TN-D- 
875, Washington, D. C. August 1961. 

10. Hildebrand, F. B., Advanced Calculus tor Engineers. Prei ;ice-Hall, inc.. 
New York, N. Y. 1949. 

11. Korn, G. A., and Korn, T. M., Mathematical Handbook for Scientists and 
Engineers. McGraw Hill Book Co., New York, N. Y. 1961. 

12. Stuetzer, O. M.. "Apparent Viscosity of a Charged Fluid", The Physics of 
Fluids, Vol. 4. Nr 10. Oct 1961. 

13. Loeb. L. B., The Kinetic Theory of Gases. 2nd Ed. McGraw-Hill Book Co., 
New York, N. Y. 1934. 

L 
41 



RTD-TDR-63-4{X)9 

0.10 

'D .   - 

i   - 

0.01 

F     V   N 
f                               x   N 

\ Ä 

o o 
Ü     100    (4 7 KV) 

7    500   «5.6 KV) 

A   1000   16 4 KV )           1 

V 1— x^ -n   NTA .A A A 

h 
\ \ \ \ 
\    v 

llllll , 1    llllll 
S      •     T    •   • 

1000 
z 3 

NR, 

4 S       •      7     •    t 
10,000 

Figure 1.   Effect of lonizatlon  911 Friction Factor of a Round Duct with Air at One Atmosphere, 
Positive Corona, Test Data 



RTD-TDR-63-4009 

0008 

0 007 

N Rt  ' 1730 

O   =   No   Current 

A   =   1020^1 ( 3.9 KV) 

O 
■ 

0 009 
• 

1   0.003 

0.002 

0.001 

0 

<J\ r^C "^ v f* 
/ 

s s, 
Ui '■ -TT^ hft-^ ̂  t 1 

^x 3 

. 

k J\ r'^i rs i 
sj K 

-^ I 
\ ) L 

V\ 
NR,  -• 3070 

O = No  Currant 

A  :   qan iin   m 7 VUI 

\ 

\ 

V > 

0.1       0.2      0.3      0.4     0.5 
Rodiu»   I in ) 

A.   w_   =   2 74   ft/ttc ■ 

0 6 0.1      0.2     0.3       04 
Radius   (in) 

S.   w-   = 4.83 ft /stc 

0.5       0.6     0.7 

Figure 2. Effect of lonlzation on Velocity Profiles in Terms of Pressure Tube with Concentric 
Wife, Positive Corona, Teat Data 

4o 



RTD-TDR-63-4009 

10.00 

I. 00 

0.1 0 

0 01 

1 _ _ 

i _ Mo 
o = o 
7 = 500 (5.5 KV) 

{      A =1000 (62 KV 1 

5 

s f 

\ H j 
I ¥ /\ 

i 
/ \l { 

m 
9 J i- J j. 

P / 
f    f V 

j ;             > ./ 
i           A / 2 f 

|         J/] 
jj 

M 
s i j j 

i/i 1  | i i 11 
/1 
»o 1 

T 

9    6   7 • • 

100 1,000 
5    6   7    8? 

10,000 

Figure 3. Effect of lonization on Heat Transfer with Air at One Atmosphere in a Round Tube, 
Positive Corona, Test Data 

44 



RTD-TDR-63-4009 

gas 

Central Corona  Wir« , 
0.004" Dia. Vo I f a g « 

Sourc« 

Figure 4. Round Tube Channel with Ortral Wire 

Parallel flat plates' 

1» i vi 

gas — — m-m i ( 
in    — -•- 

h / 

/ 

;i 
Voltagt Sourc« ''Corona Wires 

Figure 5. Parallel Plate Flow Channel 

45 



RTD-TDR-63-4009 

o 
o 

9 

o 

o 

I 
z 

16X10 

14X10 

12X10' 

10X10 

8X10" 

6X10 

4X10' 

2X10 

1 i  ■  1000 fi.a 
1 V =  6.5    KV 

1 Pip» («ngth =  72 • • 

1 Pip» diam»f»r »1 — 

1 Wir» diom»f»r s O.OOS" 

r Pc 

1                  ■ 

\ -> 
^|   =con st   = und started fi»ld 

'                1 

\ 
<*' 

c 

V fc--J .avg ^•A>c0 

1 -—-—_^ 

0 0.2 0.4 0 6 0.8 1.0 

Figure 6. Charge Deosttie« In a Round Tube 

46 



RTD-TDR-63-4009 

I .0 

0   8 

0.6 

0.4 

0.2 

0.2 

04 

0.6 

0.8 

I   0 

Figure 7. Cue I. Theoretical Flat Plate Velocity Distribution, p    * Constant 
c 

47 



RTD-TDR-63-40CW 

! 

\.u 

^ 

U^-i-t, Constonf  Charge Density 

0.8 ^ 

s 

0.6   N 

^ Porobolic,  p    »0" ^N 
04 \\ 

\\ 

0 2 

0 

A 
    

i 
— 

0.2   — J 
0.4 / 

/ / 

0.6 

0.8 

A / 

s </ 

y 
^ 

s 
1.0 1 ̂  

^ 

0 0 2 0.4 0 6 0 8 1.0 

'mo« 

Figure 8. Case UI. Theoretical Round Tube Velocity Distribution, p    - Constant 

48 



RTD-TDR-63-4009 

,t 

1 ') 

OB 

^ L Hp     =117 

1 
^^ >Cos« IVc 

^ 
^r ( * =o oi 17 =0 04 > 

0.6 

0,2 4 1 
n 
  rn^ ^       ( w = 0 of   T; = 0.0051 

1                 1                  1 
0.2: 04 06 0.8 1.0 1.2 14 

Figure 9. Theoretical Concentric Tube Velocity Distribution Case IVb and IVc, p   = Constant 
in Tube 

I .0 

08 

0   6 

0.4 

0.2 

r^ S; ̂
^^H 

pc    - Conslonf,     N.     =  II. 7, 

\f%   I0.04 

^ 

^ 

.     ^^^c=0- ^o1004 

^ 

A 
— ̂ — "'^^Pc z0'\ s0004 

0.2 04 06 OS 10 1.2 
• /•, mox 

Figure 10.  Theoretical Concentric Tube Velocity Distribution Case IV, p    = Constant in Tube 



RTD-TDR-63-4009 

1 .0| 

0.8 ^> ̂ v^ 

0.6 k A 
= 17.6 \ \ 

\       \    =0.56-^ 

SS,N< N«  = 0 

0.4 \ N,        N. 

0.2 y / 
^x 

\ 
v    o -H— 1   / 1  i 

o. \\ V
2'4 

\ 

/    A 
\     \ /             / 

0.4 

0.6 

0. 

1 i i 

^H 
J4 ^ 

1.0 ^ 
VZ^ 

0.1 0.2 

l+J 
03 

Figure 11. Case V. Variation of Velocity Diatribution at Constant Pressure Drop and with 

50 



RTD-TDR-63-4009 

I   0 

0.8 

0.6 

0.4 

0   2 

V        o 

0.2 

0.4 

06 

08 

1.0 

n ^- 

■  

N«    = 12. 4 

X 
1                 N„      =0 56              N 
1                  ^c                               1 s. \ N ^ 

7.6 

l^-Mt^ ̂  A > 

\ \ ) 

\ 

\ V 
] W 

s 

I Not«      p     Based  on 
i              re 
1 Corona   Discharg« y k. 

V 

/ y^ N k 

/ ^ 

/ 

> 
) 

) 

y ^ 

/^ 
/ 

^ y 
Ü ^ 

^^ , 

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 

•17 »0 

Figure 12. Case V. Velocity Profiles for Rounci Tube 

51 



RTD-TDR-63-4009 

I  0 

0.8 

0 6 

0 4 

0.2 

0 2 

04 

0 6 

0.8 

1.0 

p     Based  on Corona   Discharge, 

""^^                     N0     =    11.7 

% K--- 
) 

/ 

^ 

"^V, 

\ 

) 

/ 

^ 

02 04 06 08 
■ 

10 

'mox 

(■'igun- 13. Case VI. Velocity Profile for Conceotrlc Tube 

52 



RTD-1DR-63-40G9 

1.0 

0. 8 

06 

0.4 

0.2 

0. Z 

0.4 

0.6 

0 8 

1.0 

Np     =89 

^ N, 
i 

^ 
y 

X 

\ 

^ 7 
■^ 

0 02 0.4 0.6 0.8 10 

Figure 14.  Velocity Profile for p    a TJ ' 

53 



RTD-TDR-63-4Ü09 

z 

700 

600 

500 

400 

300 

200 

I 00 

Figure 15.  Efiect of Charge Number on fp. Me« Value Approach 

54 



RTD-TDR-63-4009 

3GO 

340 

300 

2 60 

7. 

220 

I 80 

14 0 

100 

Figure 16, Variation of Friction Factor with Charge Number 

55 



RTD-TDR-63-4009 

Figure 17.  Typical Velocity Distributions at w    =1 ft/sec. 
m 

56 



RTD-TDK-63-4009 

I. 0 

0.8 

0 6 

04 

02 

0.2 

0 4 

0.6 

0.8 

1.0 

V 
\ k j ■cos« v,  pt a T;'14, 

N      =  12.4 1 
^i 

% 

.Co«« JR ,  pc * Con»f. , 

N0    .=    11.7 

_L 
]\ \ 

i L 
y-^ 50 

\ j y 
\ 

/ 
/ 

/ 

4 r r 

/JC A 
r 

0 2 0 4 0.6 0.8 1.0 

Ap  -    10       inches of  wator 

Figure 18.   Typical Profiles in Terms of Pressure 

57 



RTD-TDR-63-4009 

0004 

o- 0       0.1       0.2      0.3      0.4      0.5       0.6    0.7 
T jbt   Radius   (inches) 

Figure 19.  Velocity Profile Without lonlzatlon. Concentric 0.00 5 -Inch Wire, w    = 2. 35 ft/sec. m 

-0.001 QO.OOI        40.002      © 0J003 

AP        (inchas   Of  wot«r ) 

0 004 

Figure 3).  Velocity- Profile DÄa, ND   =1300 
n 



RTD-TDR-63-4009 

T   = 85* F 

Barometer 29. 4" Hg 

NR#    =1190 

0.6 |  

0.5 

J    0.4 
■ 
I ■ 
S    0.3 
c ■ 

0.2 

-ooa 

O   -0 ^o 
A   - 1000/id, 5.9 KV, 

Fluid    -  Air 

p,«:-»»^ 
\ \ XV»oll 1      A 

K\ 
\ i       Uncorrtcfed      J^ 

by      Oolo          '   , 

i 
n \ 

\ 

/ \ 

^ 

y     \ I    Corrected    \ 

i 
/ P 

/ 
4 y 

r L / 

0.001 A 0 002    O    0 003 
AP  -    (inch««  of   wafer ) 

Figure a.  Velocity Profile Data, NR   =1190 

0 004 Q005 

59 



RTD-TDK-63-4009 

0 6 

0.5 

1 
I 0  4 

I 
- 

Q 

0.3 

0.Z 

0   I 

T   = SS'F 

Borome ter   29.4" Hg 

Fluid - Air 

NRa     z 1450 

O iw   =    O fJLO 

Aiw  ■ 1000^iO,    3.6 KV 

-0001 QOOI 0.002 0 003 0004 

A 0 AO 

AP       ( inchas   of    wottr) 

0 005 

Figure 22. Velocit/Profile Data, N_   = 1450 
R 

e 

60 



RrD-TDR-63-40C9 

T =  86* F 

Barometer   29. 5"Hg 

No     = 1745 

O -   0 ^IO 

A   -   1000/ia , 3 8 KV 

Fluid     - Air 

AP ( inches of   water) 

Figure 23.  Velocity Profile Datp, ND   = 1745 
e 

61 



RTD-TDR-63-4009 

[f O 

■ 
3— 

<T f^ 
i ^^^ 
a 

cr" ̂
-c^ ^^ ^N 

V.                               1 

• 
o • / 

Y^ 
1 
  

o 
u 
c 

\ I 1 

< 
• 
«  o 

El 
Ü 

*—Cr--^D 

H 
•fl 16~~<L^ 

I / 

~~5      ^«3— _ä *- 

/ 

9 
X 

V 
oi 
M     O 

o   ö ^ 
II     II             1 

O   o         j 

/ 
u. ; K 
•  \ N 

■  s   « 
t_    B     2 

ii 

So 

O    Q. 

<ä 

> 

I 

o o d 
(S8M3U.)    3aiM   WOUd    30N7iSia      x 

62 



RTD-TDR-63-40Ü9 

220 

200 

180 

160 

140 

120 

c   100 

X 

o 

40 

20 

^ 

• 

y 
NR,   =2900  -^ 

NR,   =1940 -AA 

NR,   =1450   -A 
K b Ö / 

L^ ̂  

^ 
y > 

^ 

/ y 

/ 
^ 

,/ 
y / 

/A t ̂  

/ 
M. 

/ £ /<< DXNR#  =64  [l + - 

1 

5^1 8 

Y \ DxNRt   S4b, [lo(b)/(-|-) Io(bl -l.ibl] 

» —H 

K   « 2.0 X IO'4 

Storting  L«ngth>6 Oiomattr» 

Po« iti v«    Wir« 

80 

60     -- 

0 2 4 6 8 10 12 14 

Figure 25. Exploratory Test Data Showing Variation of f   with Charge Number for Air 

63 



RTD-TDR-63-4C09 

220 

Figure 26.  Variation of f   with Charge Number for Air 

64 



RTD-TDR-63-40Ü9 

o 

z 
ä 
i 
u 

I 

«N  X a, 

65 



RTD-TDR-63-4JÜ9 

C 

•I \ ' 

1 

o 
£ \ • 

* \ 
9 '• 
C   • 
• 2 

i 
\ 

f 
• 00 

O 
o a *$ 

\ ll       - \ 
> d 

II 

(VI 

10 

\ ?.? \ & ro 

^ 
\ 

S o \ 

V 
I 

m * 

• 

• 
K 
Z 

O 
o 
* ax} 

<\J 

"V^ \ m 

1 
\ 

2» 
.+ 

o 
o o>Q 

L \ \ 1 w 
o 

  ID l\ \\ 1 — C4 

\ V \ o Q 
\ \ w \ 1 (M 

CO e <4 B 
\ \\ 1 \ j) M 

1     s NW • \ Ö« <r 
1             1        1 

»-T i \ ^ 

'5 
o 1 

Ö 
1 

1 

/ o 
<* n^ 

CM 

1 
\ /      V / \ ■ 

I 

o 

/ 

/     \ ks \ 
O 

* 0 <J o o 

(VJ 

i    s / \^ v v i 
(0 

/ ^< \ v \ 
\              0 >^ 

\ \ M 

m 

+ 
N s. ^ «"\ evi X \         1 M x V 1                               • **m^ N v \\ L 

ll                           C 
Z | \ \ \ 
X H \ h    \ \ 
II •   ^^—^T"" 1  

• «*• 

X 

^ 

^ 
♦ 

^mm^ 
\ 

\ 1- O 

Q." 

I 
B 

I u 
u 
& 
u 

I 

% 
e 

I o o ■ o ■ 1 
o 
in 

o. o 

S x   0, 



RTD-TDR-63-4009 

220 

Figure 29.  Effect of Charge Number on f   for Nitrogen 

C7 



RTD-TDR-63-400y 

APPENDIX I 

NONDIMENSIONAL PARAMETERS 

The analysis in the body of this report revealed a new dimensionlese ratio. From Equa- 
tions (64) and (75), the ratio appeared in the form: 

H* 

Kquatlon (72) put this in terms of the average charge density: 

where 
Mt( MK 

L    is a characteristic length of the flow, and 

P* is a nondimensional variable charge. 

The charge number then is defined by Equation (71) as: 

"Vc   ' 
*m 
M* 

This number is equivalent to the ratio of the charge forces to the viscous forces in the 
flow. 

Another nondimensional parameter arises from consideration of Equation (100) or (101). 

24    /   .  .     N/»c 

Equation (101) can be written as: 

••■^-^ 

(100) 

(101) 

(182) 

The ratio N    /NR    is also a new parameter: 
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^L 
N«. 

V       /i.K       ' 

Pc    D rcni  (183) 

Tids represents the ratio of the charge forces to the inertia  forces In the stream. The 
inverse of Equation (183) Is: 

N«. ^"•m K 

N, 
(1«4) 

The factor in the brackets, then, becomes an effective charge Reynolds number, 

f**** (185) 
Nc 

Pc, 

This interesting parameter indicates that, as the charge density disappears, the charge 
Reynolds number becomes very large and the flow field is dominated by the inertia forces. 
If there is appreciable ionlzation In the stream and the density of the gas Is low, then 
charge effects could appear. If the velocity is very low, charge effects could also appear. 
If dimensions are very large and velocity and density ars relatively low, the charge could 
also influence the flow. The data could be plotted against the charge Reynolds number, but 
the plots of f D vs. NR     at constant corona current (constant charge density) and fD vs. 

H0    are believed to present the data adequately. 

It 1B of considerable interest to study the flow charge nnnber further: 

Since both ^ and K depend upon the molecular actions in a gas. this ratio may be expressed 
in completely different terms. 

From the kinet.o theory of gases the viscosity of a gas can be given by (Ref. 13): 

M S -i-   N m c   X (186) 

where N is the number of molecules per ddt volume, 

m  is the mass of a molecule, 

T  is the mean speed of a molecule, and 

X  is the mean free path. 

The constant, 1/3, is fror, the elementary derivation of viscosity. More complete theories 
modify this constant. To account for this, let the viscosity of the gas be represented by: 
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where o,   is a suitable constant. 

fj.   =   a,  N m  c  X (187) 

From the kinetic theory, the value of mobility in terms of molecular action can be obtained 
(Ref. 2) by: 

K   * b 
q X. 

(188) 

where q is the charge per ion, 

Xj is the mean free path of an ion, 

m.   is the mass of the ion, 

T   is the mean speed of the neutral molecules in the gas through which the ion is 
moving, and 

b  is a constant which depends upon the theory used. 

Cobine (Ref. 2) shov/s that for ions of the parent gas: 

Xi    ■-  2y*X (189) 

An experimental observation Is that the electrical forces around an ion cause its mean 
free path to be much shorter than that of the nautral molecule (Ref. 4). The form for  K 
given in Equation (188) is sufficiently accurate for our use. since the value for the constant, 
b , can be chosen to account for the theory used and fhe mean free path. From Equations 
(187) and (188): 

Using Equation (189): 

uK^o^mcX    Xbq   —- 

/x K   «   2'/l  o, b q N X* 

(190) 

(191) 

co 

Letting yT ob - Cj and substituting Equation (192) gives: 

^ -'' 'c. hSr) xf 

Substituting into the charge number: 

c0 ^r Hfr) (TH 

(192) 

(193) 

(194) 
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The Knuclsen number is defined as: 

NK      -.   JL (195) 

It is the ratio of the mean free path to a reprerentative dimension of the flow system. Sub- 
stituting liqu ition (195) Into the charge number: 

\ - i- pCT'nr) (196) 
N /N represents the number of charges per neutral molecule and is dimenslonless.   C| , 
a constant, is dimensionless, as is the Knudsen number. 

: J^Y   ^ (197) N 

This equation indicatea why the ioni/ation has such a surprisingly large effect on the flow. 
If ior.ization is present in any appreciable quantity, then the influence of the Knudsen num- 
ber can be very great. Since in ordinary gas flows at standard conditions: 

and using  L =  ; d ) cm ; 

Considering the constant, c, 

Therefore: 

X  =   O  (IO'5   ) cm 

Rn o do'10 ) 

based upon the simpler t heor^ 

o    = i 

3 

b    ■ 1 . 

c, a 
3 

••(;* 
x IO

10
   • 

NJ_ 
N 

.   0   ( 10'° 
N   1 

Phis indicates that the charge number will be of the order of 10    times the charge ratio. 
This large amplification effect of the Knudsen number idicates why even small charge 
densities can have significant effects on flow. Since typical charge densities in the tests 

-10 -9 
were from 10      to 10   . the magnitude of N«    Is of the order of 1 to 10. This value Is 

He 
in line with the values of N„    presented In the body of the report. 

c 

Other important ratios such as those relating to compressibility (Mach Number) or 
heat transfer can also be obtained as necessary for specific problems. 
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APPENDIX 11 

CURVES FOR CALCULATING CASE V AND CASE VI VELOCITY PROFILES 

Universal curves for calculating the velocity profile for round tube geometry with vari- 
able space charge (Cases V and VI) are presented in this appendix. For these calculations. 
i iB a useful coordinate defined by Equation (162): 

6 3      'i 
Vt n% 

Y   =   —      N- 

By using these parametars. Equation (161) for Case V. where the wire does not affect the 
flow, and Equation (167) for Case VI, where the flow is assumed at rest at or neat the v/i^e, 
we can use the curves to compute the profiles for specific values of corona current. 
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Figure II-l thru 11-10.   Universal Curves for CalculaUng Velocity Profiles, CastiB V and VI 
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APPENDIX III 

PRESSURE DROP DATA AND MODIFIED CORONA WIRE TEST 

A. VARIATION OF PRESSURE DROP WITH CURRENT 

In the body of this report the friction factor. f0 , was compared with the charge number, 
N      . Agreement was shown between the theory and the test data. A clearer relationship 

"c 
between the ion influences on flow and the charge density can be obtained by considering 
the variation of pressure drop with increasing corona current. Figures 1II-1, -2, and -3, 
present typical data taken from ASD-TDR-63-842. In these figures the pressure drop is 
plotted against the square root of the corona current. 

Figure III-l is based upon data taken for the exploratory sequence for air with the posi- 
tive corona. At the lower Reynolds numbers the data points fall on straight lines indicating 
good agreement with the theory. In Figure III-2 data is plotted from anotlier test sequence, 
which indicates an interesting phenomenon. The linear correlation is good, but it can be 
noted that, at the higher Reynolds numbers, a region of very low slope occurs at low current 
values. As current values increase, there is a linear increase at a greater slope. We inter- 
pret this phenomenon to indicate that a much larger charge density is required at the edge 
of the transition zone to make its presence felt in the flow and that there may be a critical 
value for the charge density before the action becomes effective. In Figure III-l, the gen- 
eral falling off of the rate of increase at the higher values of current may be due to local- 
ized discharge effects. This lower slope at the high currents may be due to corona heating 
of the stream, which would cause only a s'ight increase in pressure drop. The magnitude 
of the heating effects are considered in Reference 1. 

Figure III-3 presents data for CO» with a positive corona. At the lower flow rates the 

linear characteristic is evident; at the higher flow rates, however, the effect of charge 
shows a pronounced nonlinear characteristic. Figure III-4 presents additional data for CO», 
at two widely separated Reynolds numbers and a wider range of current. At low currents 
and 1OWNR   , the data of Figure II1-4 compare well with Figure III-3. At high NR   , the 
ion effectseare still   present but the curve is nonlinear throughout its range. 

All of the figures indicate excellent correlation in the laminar flow regime at the lower 
values of current. In this region the theoretical predictions are adequately substantiated 
by the test data. 

B. TESTS WITH MODIFIED CORONA WIRE END CONDITION 

A brief retest of the corona wire was made because of considerable discussion over the 
drift motion of the Ions. It had been suggested that the ions would merely drift downstream 
slightly due to the stream velocity and that a local Increase in current at the outlet of the 
pipe at the outer electrode would occur. To determine whether the end conditions of the 
corona wire and pipe were significant, an insulating tubing was inserted over the corona 
wire and extended 1-1/4 inches in from the outlet of the pipe. Data were taken for C02 at 

a range of currents and Reynolds numbers. No changes to the charge phenomenon reported 
in ASD-TDR-63-842 were observed. It is concluded from this test that the exact end condi- 
tions for the corona discharge are not necessarily critical for the phenomenon to occur. 
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Figure QI-l.   Pressure Drop vs. Corona Current. Exploratory Sequence for Oxygen, Wire Positive 
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Figure III-2.   Pressure Drop vs. Corona Current. Exploratory Sequence for Air, Wire Positive 
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Figure Ul-i.   Pressure Di-op vs. Corona Current for CO , Wire Positive 
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Figure UI-4.   Pressure Drop vs. Corona Current tor Stored COt, Modified Positive Wire 
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APPENDIX IV 

COMPARISON WITH STUETZER'S PAPER 

I ollowing completion of the body of this report, the author became aware of the possible 
similarity between the phenomenon dUcussed by Stuetzer in his paper, "Apparent Viscosity 
of a Charged Fluid ','    Reference 12, and the phenomenon discussed herein. Stuetzer, in his 
work with ionized gases, discusset the apparent viscosity of a charged fluid. The initial 
stages of Stuetzers analysis are remarkably similar to those of the analysis presented in 
this report, although the two re aearch efforts were conceived and conducted completely 
independent of each other. 

Stuetzer starts with the same basic electric field and fluid equations* and places a condi- 
tion on the current that: 

.i j      /»c   («. + KE2  )  dy (198) 
-h 

The current, ij in Equation (198), is the net current in the axial direction. If i, is not zero, 
there is a net charge flow down the tube, and a corresponding "corona-wind" pressure rise 
can occur along the pipe due to this charge motion. 

Using Equation (49): 

j'   - p   (u1   + KEJ   ) 

and the mean velocity defined by: 

-" r TT  /  " dy 

and substituting into Equation (11): 

dp * vv 
uV    m -   -r—   4- p 

Stuetzer obtains: 

IJ. d    w dp 

02 ZüJK 2h K 
-h 

w dy    =   0 

(49) 

(199) 

(11) 

(200) 

where JA^I    Is the absolute value of the charge density. Integrated, this becomes Stuetzer's 
Equation (11): 

h (77 "1777) (201) 

The symbols used In Stuetzer's paper have been changed to conform to those used here. 
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The term contnining \t Is the "corona wind" pressure rise term. For iz 
r 0, this expres- 

sion becomes identical to Equation (94) for parallel plates. 

L ikewise, Stuetzer derives two expressions for apparent viscosity for flat plates and 
round tubes: 

Flat Plates 

^•^(Ul-arl (202) 

Round Tubes 

*«•*♦( KITT) (203) 

These equations are identical to the mean value approximations given by Equations (180) 
and (181). Stuetzer also calls attention to the similarity of this type of flow to Hartmann 
flow of MUD and draws an Interesting comparison with the effective viscosity Increase 
in both types of flows. 

The analysis given in the body of this report using the mean value of the body force 
leads to the same value of apparent viscosity as Stuetzer obtained by his method. The two 
approaches are similar, but the ted'-iques used to Introduce the average value are different. 
In discussing limitations on the eff'.ct of the ions on the flow. Stuetzer indicates that the 
time required for the fluid to flow Jown the length of the pipe must be short relative to the 
time required for the charge to change Its lateral diBtribution. In tlv initial hypothesis, 
for typical values of mobility and field. Equation (1) Indicated a cross channel mean speed 
of the order of 100 m/sec. while the speed down the pipe was of the order of 1 m/sec. 
Stuetzer's criteria are: 

Transit time down the channel. i1 , 

-oil dz 
+ KEl 

Transit time across the channel, ty, 

»* •• hftr) 

(204) 

(205) 

Stuetzer states that his solution is valid only when   ty »I, . Examining the transit time 
across the channel further, consider Equations (2). (3). and (30). 

Since 

dEy 

dEy 

v   =   KEy 

•       «El 
>>  

dt 

ar   V • E « 
(206) 

86 



RTD-TDR-63-4009 

Therefore: 

Assuming a constant space charge: 

—— S T^ 

dy « 

Let: 

v - 0,     at    y : 0 

-:     Jft.. 
dy K/>c 
    =   —^-S-   dt 

•   • ^r-At««. 

(207) 

(208) 

(209) 

(210) 

(211) 

Let: 

0 ,   of    y = 0 

•y ' 
^e 

^ny (212) 

For the case discussed above: 

Ig a   0   (I sac ) 

»y =  o (io■4«*. J . 

Since iy << tz , it appears that Stuetzer's criteria may not be fully applicable. One possible 
explanation is that in the region between the sheaths occurring at each electrode, the local 
field may be low enough that the local transverse ion drift velocity is »rery low and the 
transit time in this region may be significantly longer. 

From an overall comparison of Stuetzer's paper and this report, it appears that the mean 
value .ippro ■ :h is similar to that presented by Stuetzer. The broader interpretation used in 
this study, tt.it: 

or 

1 K 

was not considered by Stuetzer. Corsequently, he limits his work to situations where the 
velocity profiles do not change, whereas our test results indicated severe distortions of 
the velocity profiles. The Stuetzer paper is an excellent work, however, and the author 
regrets not recognizing its applicability to the charge phenomenon sooner since it adds 
solid substantiation to the hypothesis used in this report. 
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